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1. INTRODUCTION 
Since Rosenfeld [1] introduced the concept of fuzzy subgroup of a group G, many authors have 
investigated the theory of fuzzy algebra [2]. In the definition of fuzzy subgroups, Rosenfeld 
assumed that the subsets of group G are fuzzy and the binary operation on G is nonfuzzy in 
the classical sense. Another approach is to assume that the set is nonfuzzy or classical and the 
binary operation is fuzzy in the fuzzy sense. More in line with this latter approach, Demirci [3,4] 
introduced the concept of smooth group by the use of fuzzy binary operation and the concept of 
fuzzy equality. 
In this paper, by the use of Malik and Mordeson% definition or fuzzy function [5], a new kind 
of definition of fuzzy binary operation in a different sense to [3,4] is given. Based on the new 
fuzzy binary operation, a new kind of fuzzy group is introduced. 
The fundamental properties of fuzzy groups are presented in Section 2. Concepts of fuzzy 
subgroup and normal fuzzy subgroup are introduced in Section 3. Factor fuzzy group is presented 
in Section 4. Finally, in Section 5, the concepts of fuzzy group homomorphisms are introduced 
and a fundamental homomorphism theorem of fuzzy group is obtained. 
2. DEF IN IT IONS OF  FUZZY B INARY 
OPERATION AND FUZZY GROUP 
Let 0 E [0, 1]. Malik and Mordeson [5] gave the following definition. 
*Author to whom all correspondence should be addressed. 
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DEFINITION 2.1. Let R and S be nonempty sets and f be a fuzzy subset of R x S, then f is 
called a fuzzy function R into S if 
(1) Vx E R, ?y E S such that f (x ,y)  > O; 
(2) Vx C R, Vyl,y2 S S, f(x, yl) > 0 and f(x, y2) > 0 implies Yl = Y2. 
By the use of Definition 2.1, we have a new definition. 
DEFINITION 2.2. Let G be a nonempty set and R be a fuzzy subset of G x G x G. R is called a 
fuzzy binary operation on G if 
(1) Va, b 6 G, 3c E G such that R(a,b,c) > O; 
(2) Va, b, cl,c2 E G, R(a,b, el) > 0 and R(a,b, c2) > 0 implies Cl : C2. 
Let R be a fuzzy binary operation on G, then we have a mapping 
R:  F(G) x F(G) -4 F(G), 
(A, B) ~ R(A, B), 
where F(G) = {A I A:  G --* [0, 1] is a mapping} and 
R(A, B)(c) = V (A(a) A B(b) A R(a, b, c)). (1) 
a,bEG 
Let A = {a} and B = {b}, and let R(A, B) be denoted as a o b, then 
(a o b)(c)= R(a,b,c), Vcea ,  
((a o b) o c)(z) = V (R(a, b, d) A R(d, c, z)), 
dEG 
(a o (b o c))(z) = V R(b, c, d) A R(a, d, z). 
dEG 
(2) 
(a) 
(4) 
Using the notations in equations (2)-(4), we have the following. 
DEFINITION 2.3. Let G be a nonempty set and R be a fuzzy binary operation on G. (G, R) is 
called a fuzzy group if the following conditions are true: 
(m)  Va, b,c,~l,z2 e C, ((a o b) o c)(zl) > 0 and (no (b o c))(z2) > 0 impl ies  Zl = z2; 
(G2) de e G such that (eoa)(a) > 0 and (aoe)(a) > 0 for any a E G (e is cedled an identity 
e/ement of G); 
(On) Va e G, ?b e G such that ( a o B ) ( a ) > 0 and ( b o a ) ( e ) > 0 (b is called an inverse dement 
of a and is denoted as a- i) .  
REMARK. In the definition of fuzzy group, aob is a fuzzy subset of G because the binary operation 
on G is in the fuzzy sense. 
A fuzzy group has the following properties. 
PROPOSITION 2.1. Let (G,R) be a fuzzy group, then 
(1) the identity element of G is unique; 
(2) (a o a)(a) > 0 implies a = e; 
(3) (a o b)(d) > 0 and (a o c)(d) > 0 implies b = c; 
(4) (boa)(d) > 0 and (co a)(d) > 0 implies b = c; 
(5) for each a E G, the inverse element of a is unique; 
(6) (a- l )  -1 = a; 
(7) (b -1 o a-1)(c) > 0 and (a o b)(d) > 0 implies c = d -1. 
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PROOF. 
(1) Let el, e2 be identity elements of G, then @1 o e2)(el) > 0 and (el o e2)(e2) > 0, i.e., 
R(el, e2, e2) > 0 and R(el, e2, eI) > 0, it follows that el = e2. 
(2) Let b be a inverse element of a, then 
((boa) oa)(a) >_ R(b,a,e) A R(e,a,a) > O, 
(bo (aoa))(e) > R(a,a,a) AR(b,a,e) > O. 
It follows that a = e from (G1). 
(3) Let h E a such that R(a -~, d, h) > 0, then 
(a -1 o (a o b)) (h) _> R(a, b, d) A _R (a -1, d, h) > 0, 
((a - loa)  ob) (b )>R(a  -1 ,a ,e)  AR(e ,b ,b )>0.  
It follows that h = b from (G1) and consequently R(a -~, d, b) > 0. Since 
(a -1 o (a o e) ) (b) >_ R(a, c, d) A R (a-l,  d, b) > O, 
((a -1 oa) oc) (e) > R(a - l ,a ,e )  A R(e,c,c) > O, 
so, b = e from (GI). 
(4) Is similar to (3). 
(5) Let b and c be inverse elements of a, then (a o b)(e) > O, (a o c)(e) > 0, it follows that 
b = c from (3). 
(6) By (a o a-1)(e) > 0 and (((a- l )  -1) o a-1)(e) > 0, we have (a- l )  -1 = a. 
(7) Let h E G such that R(b, c, h) > 0, then 
(b o (b -1 o a - l ) )  (h) >/~ (b -1, a -1, c) A R(b, c, h) ~> 0, 
( (bob - I )  oa  -1) (a -1) > R(b ,b - l ,e )AR(e ,a - l ,a  -1) > O. 
Thus, h = a -z and R(b, c, a - I )  > 0. Let k E G such that R(d, c, k) > 0, then 
((a o b) o c)(k) > R(a, b, d) A R(d, e, k) > O, 
(ao (b o > R (b,e,a -1) A R(a ,a - l ,e )  > 0 
Thus, k = e and R(d,c,e) > 0. It follows that c = d - I .  | 
REMARK. Demirci's smooth group may have an infinite number of identity elements, and an 
element of smooth group may have an infinite number of inverses [3]. In our definition, a fuzzy 
group has only one identity element and an element of fuzzy group has only one inverse "element. 
THEOREM 2.1. Let R be a fuzzy binary operation on G and (G, R) satisfy (G1), then (G, R) is 
a fuzzy group if and only if 
(G2)' ~ez E G such that (el o a)(a) > O, Va E G (ez is called a left identity element of G); 
(G3)' Va e G, 3b e G such that (b o a)(et) > 0 (b is called a left inverse of a). 
PROOF. Let (G, R) satisfy (G1), (G2)', and (G3)'. 
First, we prove that (a o b)(et) > 0, where b is a left inverse of element a. In fact, let c, d, h E G 
such that R(a, b, c) > O, R(a, it, d) > 0, and R(c, a, h) > 0, then 
(ao (boa))(d) > R(b,a, et) A R(a, el, d) > O, 
((a o b) o a)(h) >_ R(a, b, c) A R(c, a, h) > O. 
Thus, d = h and R(c, a, d) > 0. 
634 X. YUAN AND E. S. LEE 
Let k E G such that R(d, b, k) > 0, then 
(~ o (~ o b))(c) > R(~,  b, b) A R(~,b,c) > 0, 
((aoel) ob)(k) > R(a, el,d) AR(d,b,k) > O. 
Thus, c = k and R( d, b, c) > O. 
Let u E G such that R(c, c, u) > 0, then 
(co (aob))(u) > R(a,b,c) An(c,c,u) > O, 
((co a) o b)(c) > R(c,a,d) AR(d,b,c) > O. 
Thus, u = c and R(c, c, c) > O. 
By the proof of Proposition 2.1 (2), we have c = ez, then (a o b)(ez) > 0. Next, we prove that 
(ao ez)(a) > 0. In fact, by 
(a o (b o a) )(d) >_ R(b, a, el) A R(a, eh d) > O, 
((a o b) o a)(a) > R(a, b, el) A R(et, a, a) > O. 
We have d = a, and consequently (ao et)(a) > 0. Thus, (G, R) satisfies (G1)-(G3). | 
Similarly, we have the following. 
THEOREM 2.2. Let R be ~ fuzzy binary operation on G ~nd (G, R) satisfy (G1). Then (G, R) is 
a fuzzy group if and ovAy if 
(G2)' ?ere  G such that (aoer)(a) > O, Ya e G; 
(G3)' Va e G, 3b e G such that (aob)(e~) > O. 
THEOREM 2.3. Let R be a fuzzy binary operation on G and (G, R) satisfy (G1). Then, (G, R) 
is a fuzzy group if and only ifVa, b 6 G, ~x,y E G such that 
(aox)(b) > O, (yoa)(b) > O. (5) 
PROOF. Let (G,R) be a fuzzy group and let z ,u  E G such that R(a- l ,b,x)  > O, R(a,x,u) > O, 
then 
(~ o (~-1 o b))(~)_> R (~- l ,b,x)A R(a,~,~) >0,  
((a o ~-1) o b) (b) >_ n (a, a -~, ~) A R(~, b, b) > 0. 
Thus, u = b and R(a, x, b) > O. 
Similarly, ~y e G such that R(y,a,b) > 0. It follows that (aox)(b) > 0 and (yoa)(b) > O. 
Conversely, let (G, R) satisfy (G1) and formula (5) and let c E G, then there exists e*, x, d E G 
such that R(e*, c, c) > 0, R(c, x, a) > 0, and R(e*, a, d) > 0. Then, 
(e* o (co x))(d) >__ R(c,x,a) An(e*,a,d) > O, 
((e* o c) o ~)(a) > R(e*,c,c) A n(~, ~, a) > 0. 
Thus, d = a and R(e*,a,a) > 0, i.e., (e* oa)(a) > O. 
By formula (5), we have that there exists y E G such that (y o a)(e*) > 0, then (G,R) is a 
fuzzy group from Theorem 2.1. | 
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3. FUZZY SUBGROUP AND NORMAL 
FUZZY SUBGROUP OF FUZZY GROUP 
Let (G,R) be a fuzzy group and H be a nonempty subset of G. Let RH(a,b,c) = R(a,b,c), 
Y a, b, c • H,  then we have 
(a • b)(c) = RH(a, b, c) = R(a, b, e), 
((~. b) • c)(z) = ~/ (n (~,  b, ~) A n(~, c, z)), 
xhH 
(a • (b • c))(z) = V (n(b, c, ~) A R(a, x, z)), 
x6H 
V a, b, c • H, 
Vz•H,  Va, b ,c•H,  
Vz•H,  Ya, b ,c•H.  
Then, we have the following. 
DEFINITION 3.1. Let (G, R) be a fuzzy group and H be a nonempty subset of G. If 
(H1) Va, b e H, Vc e G, (aob)(c) > 0 implies c e H; 
(H2) Va, b,c e H, Vz l ,z  2 e H, ((a.b) • c)(Zl) > 0 and (a .  (bee))(z2) > 0 implies Zl = z2; 
(H3) 3ell • H such that (a .eu)(a)  > O, (eg.a)(a)  > O, Va • H; 
(H4) Ya • H, 3b • H such that (a.b)(eg) > 0 and (b.a)(eg) > O; 
then, H is called a fuzzy subgroup of G. 
PROPOSITION 3.1. Let H be a fuzzy subgroup of G, then 
(1) eH= e; 
(2) the inverse dement b of a in H is the inverse dement a -1 of a in G. 
PROOF. (1) By (H3), we have (ego  eg)(eH) > 0. Since (ell o e)(eH) > 0, so eH= e from 
Proposition 2.1 (3). 
By (b • a)(eH) > 0, we have (b o a)(e) > 0. Since (a -1 o a)(e) > 0, so b = a -1 from Proposi- 
tion 2.1 (4). | 
Clearly, we have the following. 
PROPOSITION 3.2. H is a fuzzy subgroup of G if and only if 
(1) Va, b • H, Vc • G, (aob)(c) > 0 implies e • H; 
(2) a • H implies a -1 • H. 
PROPOSITION 3.3. Let Hi, i • I, be a fuzzy subgroup of G, then Niez Hi is a fuzzy subgroup 
of G. 
PROPOSITION 3.4. Let (G, R) be a fuzzy group and 
c = {x I x e a,  and (~ o a)(c) > 0 ~* (a o x)(c) > 0 for any a, e e a} ,  
then, C is a fuzzy subgroup of G. 
PROOF. Clearly, e 6 C. Then, C 7~ @. 
(1) xl,x2 c C and (xl ox2)(x) > 0 ~ x E C. 
Let a, e, dl, d2, b2 C G such that R(x, a, e) > 0, R(a, x, dl) > O, R(a, x2, b2) > 0, and 
R(b2, xl,  d2) > 0. By R(xl, x2, x) > 0 and R(xl, xl, x) > 0, we have 
(a o (x2 o Xl))(dl) > R(x2, xl, x) A R(a, x, dl) > O, 
((a o x2) o xl)(d2) > R(a, x2, b2) A R(b2, xl, d2) > 0. 
Thus, dt = d2 and R(b2,xl,dl) > O. 
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Since xl,x2 E C, so R(x2,a, b2) > O, R(xl,b2,d!) > 0, then 
((Xl ox2) o a)(c) > R(zl,x2,x) AR(x,a,c) > O, 
(xl o (x2 o a))(dl) >_ R(x2, a, b2) A R(xl, b2, dl) > O. 
Thus, c = dl and R(a, x, c) > O. 
Similarly, R(a, x, e) > 0 implies R(x, a, c) > 0. Thus, x E C. 
(2) xeC~x- lcC .  
Let c,b,d E G such that R(a,x- l ,c)  > O, R(c,x,b) > 0, and R(x- l ,a ,d)  > 0, then 
((a o x -1) o x) (b) ~ R (a ,x - l , c )  A R(c,x,b) > O, 
(a o (x -1 o~))(a)  > R (~-1,~, e) A R(a,~, a) > 0. 
Thus, b = a and R(c, x, a) > O, R(x, c, a) > O. 
Since 
(x -~o (x o c))(d) > R(x,c,a)A R (x - l ,a ,d )  > 0, 
((x -1 o x) o c) (c) _~/:~ (x -1, z, e) A R(e, c, c) > 0. 
So, c - d and R(x-t ,a,c)  > O. 
Similarly, x E C and R(x- l ,a,c)  > 0 implies R(a,x- l ,c)  > 0. Thus, x -1 C C. | 
Hence, C is a fuzzy subgroup of G from Proposition 3.2. 
DEFINITION 3.2. Let H be a fuzzy subgroup of fuzzy group G, i fVa, b E G, Vh 6 H 
(a o (hoa-1) )  (b) > 0 ~ b E H, (6) 
then, H is called a normal fuzzy subgroup of G. 
PROPOSITION 3.5. ((a o b) o c)(d) > 0 ¢e~ (a o (b o c))(d) > O. 
PROOF. Let ((a o b) o c)(d) > 0 and let z, w E G such that R(b, c, z) > 0 and R(a, z, w) > 0, then 
(ao (b o ~))(~) > R(b,c,z) A R(a,z ,~)  > 0. 
Thus, d = w and (a o (b o c))(d) > 0. 
Similarly, by (a o (b o c) )( d) > 0, we have ( (a o b) o c)( d) > O. II 
REMAaK. Proposition 3.5 shows that conditions (6) is equivalent condition (6)' 
Va, bEG,  VhEH,  ((aoh) oa -1) (b )>O~bEH.  (6') 
DEFINITION 3.3. Let H be a fuzzy subgroup of G. Let 
(aH)(z) : V R(a,x,z) ;  (Ha)(z) : V R(x,a,z), (7) 
xEH xEH 
all(Ha) is caI1ed a/eft  (right) coset of H. 
THEOREM 3.1. Let H be a fuzzy subgroup of G, then H is a normM fuzzy subgroup if and only 
if 
Va, z E G, (aH)(z) > 0 ¢* (Ha)(z) > 0. (8) 
PROOF. "~"  Let (aH)(z) > 0, then there exists an element h E H such that R(a, h, z) > 0. Let 
c E G such that R(z,a- l ,c)  > 0, then 
( (aoh)  oa  -1)(c)  >R(a ,h ,z )  AR(z ,a  -1,c) > O. 
Thus, c E H and R(z, a -1, c) > 0. 
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Let w E G such that R(c, a, w) > 0, then 
((z oa -1) oa) (w) >_ R (z,a-l ,c) A R(e,a,w) > O, 
(z o (a -1 oa)) (z) > R (a-l,a,e) A R(z,e,z) > O. 
Thus, w = z and R(c, a, z) > O. Then, 
(Ha)(z) = V R(x,a,z) > R(c,a,z) > O. 
xEH 
Similarly, when (ga)(z) > 0, we have (aH)(z) > O. 
"~"  Let a, e E G, h C H such that (a o (h o a-1))(e) > 0, then there exists z E G such that 
R(h, a -1, z) > O, R(a, z, e) > 0, then 
(Ha -1) (z )= V R(x ,a - l , z )  > R(h,a  -1,z)  >0.  
x6H 
It follows that 
(a-lH) (z)= V R(a- l ' x ' z )  >O. 
xEH 
So, there exists hi ~ H such that R(a -1, hi, z) > 0, then 
(a o (a -1 o hi)) (c) > R (a - I ,  hi, z) A R(a, z, c) > O, 
((a o a -1) o hi) (hi) _> R (a, a -1, e) A R(e, hi, hi) > 0. 
4. FACTOR FUZZY GROUP 
LEMMA 4.1. Let G be a fuzzy group, then 
R(a, b, c) > 0 ~ R (c, b -1, a) > 0, R (a -1, e, b) > 0. (9) 
PROOF. Let R(a,b,e) > 0 and d 6 G such that R(c,b-l,d) > 0, then 
((a o b) o b -1) (d) >_ R(a, b, c) A R (e, b -1, d) > O, 
(a o (b o b-l)) (a) > R (b, b -1, e) A R(a, e, a) > O. 
Thus, d = a and R(c, b -1, a) > 0. Similarly, we have R(a -1, c, b) > O. 
Let H be a normal fuzzy subgroup of fuzzy group G and let E = {all ] a E G}. We define a 
relation over E 
alH ,.~ a2H ** 3 h C H, such that R (a l  l, a2, h) > 0. (10) | 
Then, we have the following. 
THEOREM 4.1. ~ is an equivalent relation over E. 
PROOF. 
(1) By R(a -1,a,e) > 0 and e ~ H. We have aH ~ all, Va E G. 
(2) Let alH ~ a2H, then there exists h E H such that R(a11,a2,h) > O. 
Let e E G and R(a~l,al,e) > 0, then we have R(a2, h- l ,al)  > 0 from Lemma 4.1. 
Then, 
((a21 o a2) o h - I )  (h -1) > R (a~ -1, a2, e) A R (e, h -1, h - l )  > O, 
(a21 o (a2 o h - l ) )  (c) > R (a2, h- l ,a l)  A R (a21,al,c) > O. 
Thus, c = h -1 and R(a~l,al, h -t) > O. 
Since h C H, so h -1 C H and consequently a2H ~ alH. 
Thus, c = hi C H. | 
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(3) Let alH ,~ a2H, a2H ,.~ aaH, then there exists hi, h2 C H such that R(a-~ 1, a2, hi) > 0 
and R(a21, ca, h2) > 0. Let c E G such that R(hl, h2, c) > 0, then c E H. Let zi, z2 E G 
such that R(hl, a~ 1, zl) > O, R(zx, Ca, wl) > 0, then 
(hi o (a~ ~ o ~)) (c) > R (~,  a~, ~)  A R(h~, h2, ~) > 0, 
( (h 1 o a21) o a3) (w l )~ R (hi ,  a21, Zl)A R(Zl, a3,wl)> 0.
Thus, "W 1 = C. 
By R(a71, a2, hi) > 0 and Lemma 4.1, we have R(hl, a~ -1, a~ -1) > 0, then zl = a~ -1 and 
R(a-1 I, ca, c) > 0. It follows that alH ,.o aaH. I 
PROPOSITION 4.1. alH ,.o a2H ¢* ((alH)(z) > 0 e* (a2H)(z) > 0). 
PROOF. "~"  Let alH ,'~ a2H, then a2H ~ alH and consequently there exists h E H such that 
R(a21, al, h) > 0. 
Let (aiH)(z) = V~eHR(a,x,z)  > 0, then there exists h I E H such that R(al ,h l ,z)  > 0. Let 
h2 E Gsuchthat  R(h,h~,h2) > 0, then h2 E H. Let w C Gsuchthat  R(a2, h2,w) > 0. By 
R(a~ 1, al, h) > 0 and Lemma 4.1, we have R(a2, h, al) > 0, then 
(a2 o (h o hl))(w) _> R(h, hi, h2) A R(a2, h2, w) > 0, 
((a~ o h) o hl)(Z) >_ R(a2, h, al) A ~(al ,  hl ,  z) ~> 0. 
Thus, w = z and R(a2, h~, z) > 0. Then, 
(a2H)(z) = V R(a2,x,z) > R(a~,h2, z) > O. 
x~H 
Similarly, when (a2H)(z) > 0, we have (alH)(z) > O. 
"~"  By e ~ H and (a~H)(al) = V=eHt:l(a~,x, al) >_ R(al,e, al) > 0, we have (a2H)(al) = 
V=~HR(a~,x,a~) > 0, then there exists h ~ H such that R(a2,h, al) > 0. By Lemma 4.1, we 
have R(a-~l,a~, h-~) > 0. Since h -~ ~ H, so alH ~ a2H. 
Let [all] = {a'H ] a'H ,.~ all}, a = {a' I a' ~ G and a'H ,'., all}, G /H  = {[aH] I a e G}, and 
G G G ~:~ x ~ × ~ -~ [0,1], 
([aH], [bill, [cH]) ~/~([aH], [bill, [cHl) = (11) V R(a', b', c'), 
(a',b',c')E~xbx~ 
then, we have the following. I 
THEOREM 4.2. /~ is a fuzzy binary operation on C/H.  
PROOF. 
(1) Va, bE G, ~c~ G such that R(a,b,c) > 0, then 
/~([aH], [bH], [cH]) _> R(a, b, c) > 0. 
(2) Let/~([aH], [bH], [cH]) > 0 and/~([aH], [bH], [dH]) > 0, we need to prove [cH] = [dg]. 
In fact, by /2([aH], [bH], [cH]) > 0 and /2([aH], [bH], [dH]) > 0, we have that there 
exists al C 5, bl E b, Cl E ~, a~ E 5, b~ E b, dl C d such that 
R(al, hi, ci) > 0, R(4 ,  bl, dl) > 0. (12) 
Since atl H ~ alH, b~lH ~ bill, so there exists hi E H, h2 E H such that 
R(al, hi, al) > O, R(bl, h2, bl) > 0. (13) 
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Let z e G such that R(h~, b~, z) > 0, then R(z, ,-1 b z ,h i )  > 0, then b~-lH ~ zH and 
there exists h~ E H such that R(b~-l,z, h') > O. 
Let y E G such that R(b~, h' 1, Y) > 0, then 
(b io (b~ -1  z ) ) (y )>R ' -~  ' ' ' o (b~ ,z,h0 AR(b~,hl,y) > 0, 
((bl o bl -~) o z) (z) >_ R (bl, b~'-~, e)/~ R(e, z, z) > O. 
Thus, y = z. 
Let z l ,y l  E G such that R(hl, bl, zl) > O, R(a~, zl, Yl) > 0, then 
(a~ o (hi o bl))(yl) >_ R(hl,  bl, zl) A R(a~, zl, Yl) > O, 
((a~ o hl) o bl)(Cl) ~ R(a~, hi, al) A R(al, bl, cl) > O. 
Thus, Yl = c~ and R(a~, zl, cl) > O. 
Let Pl E G such that R(z, h2,pl) > 0, then 
((h~ o bl) o h2)(pl) >_ R(hl, b i, z) A R(z, h2,pl) > O, 
(hi o (b~ o h2))(zl) _> R(b~, h2, bl) A R(hl, bl, zl) > O. 
Thus, pl = zl and R(z, h2, Zl) > O, R(y, h2, zt) > O. 
Let h e G, wl C G such that R(h~,h2, h) > O, R(b~,h, wl) > 0, then h e H and 
(b~ o (h~ o h2))(wl) _> R(h~, h2, h) A R(b~, h, wl) > O, 
((b~ o h~) o h2)(Zl) >_ R(b~, h~l, y) A R(y, h2, zl) > O. 
Thus, wl = Zl and R(b~, h, zl) > O. 
Let w E G such that R(dl,h,w) > O, then 
((a i o bl) o h) (w) > R(al, bl, dl) A R(dl, h, w) > O, 
(a i o (b~l o h))(cl) >_ R(b[, h, zl) A R(a~, zz, cl) > O. 
Thus, w = cl and R(dl, h, cl) > 0. It follows that cH ~ dH and consequently [cH] = [dH]. 
Hence, R is a fuzzy binary operation on G/H. 
Since/~ is a fuzzy binary operation on G/H, so we have 
([all] o [bH])([cH]) =/~([ag], [bg], [cH]), (14) 
(([ag] o [bH]) o [cH])([dH]) = V/~( [ag] ,  [bg], [xg]) A R([xH], [cg], [dg]), (15) 
xEG 
([all] o ([bH] o [cg]))([wH]) = V /~([bg], [cH], [xH]) A/~([ag],  [xg], [wH]). 
xeG (16) | 
Then, we have the following theorem. 
THEOREM 4.3. (G/H, ft) is a fuzzy group. 
PROOF. 
(1) Let 
(([aH] o [bH]) o [cH])([dH]) > O, ([aH] o ([bH] o [cH]))([wH]) > O. (17) 
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Then, we have al, at, ha, b], cl, c], da, Wl E G such that call ~ c'IH "~ cH, a'lH ..~ aaH 
all, b'lH ~ baH ~ bH, di l l  ~ dH, wlH ~ wH and there exist elements ha, h2, ha E H, 
x[, x~ C G such that 
R(al, bl, xl) A R(xl, Cl, da) > 0, 
R(bl, el, z'2) i R(a'l, x'2, wl) > O, 
R(al, hi, al) > 0, R(b i, h2, bl) > 0, R(c~, h3, ca) > O. 
Let z 1 e G such that R(al, b i, zl) > 0, then by R(al, bl, xl) > O, R(al, hi, al) > O, 
R(al, bl, zl) > O, t:t(bl, h2, bl) > 0 and proof of Theorem 4.2, we have: 3 h E H such that 
R(zl,h, zl) > O. 
Let z2 E G such that R(zl,c i,z2) > 0. By R(xl ,c l ,d l )  > O, R(zl,h, xl) > O, 
l:t(c[, ha, ca) > O, R(za, c~, z2) > 0, and the proof of Theorem 4.2, we have: 3 h4 E H 
such that R(z2, h4, dl) > O. 
Since 
(al o (b i o cl))(w~) > R(bl, C'l, x(~) i R(a i, z;, w~) > 0, 
((a i obl)ocl)(z2) > R(al,bi,Zl)AR(Zl,CI,Z2) > 0, 
so, z2 = wl and R(wl, h4, dl) > 0. Then, wlH ~ dH and consequently [wH] = [dH]. 
(2) Ya e G, (fag] o [eH])([aH]) >_ R(a,e,a) > 0, ([eg] o [aH])([ag]) >_ R(e,a,a) > O. 
(3) ([aH] o [a-lH])([eH]) > R(a,a- l ,e)  > 0, ([a-lH] o [aH])([eH]) >>_ R(a- l ,a,e)  > O. 
Hence, (G/H, [~) is a fuzzy group according to Definition 2.3. 
DEFINITION 4.1. (G/H, [t) is called a factor fuzzy group of GmoduloH. 
5. FUZZY GROUP HOMOMORPHISMS 
DEFINITION 5.1. Let (G1,R1) and (G2, R2) be two fuzzy groups, f : G1 --* G2 is a mapping. If 
Rl(a,b,c) > 0 ~ R2(f(a),f(b),f(c)) > O, (18) 
then f is called a fuzzy homomorphism. If f is 1-1, it is called a fuzzy monomorphism. If f is 
onto, it is called a fuzzy epimorphism. If f is both 1-1 and onto, it is called a fuzzy isomorphism. 
Clearly, we have the following. 
THEOREM 5. i. Let (C, R) be a fuzzy group and H be a normal fuzzy subgroup of C. Let 
(G/H, R) be a factor fuzzy group, then 
G 
~ : G --* --~ a ~-* [aH] 
is a fuzzy epimorphism. 
PROPOSITION 5.1. Let f : (C1, R1) --+ (G2, R2) be a fuzzy group homomorphism, then 
(1) f(el) = el; 
(2) f (a -1) = (f(a)) -1. 
THEOREM 5.2. Let f : (G1,R1) ~ (G2,R2) be a fuzzygroup homomorphism, then 
(1) if i l l  is a fuzzy subgroup of G1, then f(H1) is a fuzzy subgroup of G2; 
(2) if H2 is a fuzzy subgroup of G2, then f - l (H2) is a fuzzy subgroup of G1; 
(3) if N2 is a normal fuzzy subgroup, then f - l (N2)  is a normal fuzzy subgroup; 
(4) Ker r  = {x E G1 [ f(x) = e2} is a normal fuzzy subgroup of G1; 
(5) f is a fuzzy monomorphism if and only if key f = {el}. 
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THEOREM 5.3. The fundamental homomorphism theorem. 
Let f : (G1, R1) ~ (G2, R2) be a fuzzy group epimorphism, then G1/H is isomorphic to G2, 
where H = Ker f .  
PROOF. Let 
C1 
g: ----ff ~ C2[aH] ~ f(a). 
(1) Let aH ~ bH and h E H such that Rl(a,h,b) > 0, then R2(f(a), f(h), f(b))  > 0. Since 
h e Ker f ,  so f(h) = e2. Thus, f(a) = f(b). Hence, g is a mapping. 
(2) Vy • G2, qx • G1, f(x) = y, then g([xH]) = y. Thus, g is onto. 
(3) Let g([aH]) = g([bH]), then f(a) = f(b). Let c • G1 such that Rl(a- l ,b,c) > 0, then 
R2(f(a-1), f(b), f(c)) > 0. By f(a) = f(b), we have f(e) = e2. It follows that c • H and 
aH ~ bH. Thus, fall] = [bH]. 
(4) Let Rl([aH], [bH], [cH])) > 8, then there exist al, bl, Cl • G and hi, h2, h3 • g such that 
Rl(a, hl,al) > O, Rl(b, h2, bl) > O, Rl(el,h3,c) > O, Rl(al ,bl ,el)  > O. 
Let w C G such that Rl(a, b, w) > 0. Similar to the proof of Theorem 4.2, we have 
3h '  C H such that Rl(w,h',c) > O. 
Then wH ,.~ cH and, consequently, f(c) = f(w). 
By Rl(a,b,w) > 0, we have R2(f(a), f(b),f(w)) > 0, then R2(f(a),f(b),f(e)) > O. 
Hence, g is a fuzzy isomorphism. 
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